Trigonometry Solutions
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1. ° = o. = | —
(@) 90 90 360° >
o 1amo 27 |37
(b) 135° =135 3600 | a
27T 97
4 © _— 4 © . | —
(c) 405 05 360° 1

3. (a) Using the fact that 30-60-90 right triangles have side ratios of % : \/T§ : 1, we obtain
that sin60° = \/75 .
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(b) Using the fact that 45-45-90 right triangles have side ratios of 1 : 1 : v/2, we obtain

2
that cos45° = —£ Since 135° is in quadrant 2 with reference angle 45°, cos 135° =

5
2
—cos45° = —£ i
2
1 1
(c) We observe that sec 7t o5t - 1 -
sin Z
(d) Notice that sin T cos E, so tan T 4 — 1. Since — is in quadrant 4 and the
T q
4 4 4 cos 7

7
reference angle is — 4 , tan Zﬂ = — tan% = .

/"
N
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4. (a) By the Pythagorean Theorem, we observe that 82 + 15> = 42. Solving for a, we get
that[¢ = 17|, Similarly, using the Pythagorean Theorem we have 152 + 202 = b2, so

[b=25]

AD 15 3| .. . _AC |17
(b) Note that tanx = BD — 20— . Similarly, secy = D=8l

15 8 20 15 84

Lastly, sin(x +y) = sinx - cosy + cos x - siny = > 2t T s

5. The general form of the equation of a sine function is f(x) = asin (bx — ¢) + d, where a is
2
the amplitude, TTC is the period, % is the phase shift, and y = d is the midline. Plugging in

the given values, we obtain thata = 2, b = 2, c = 0, and d = 4. Thus, our desired equation

is| f(x) = 2sin2x + 4| Notice that there are other possible answers, since the sine function

is periodic. For example, f(x) = 2sin(2x + 67) +4 and f(x) = 2sin(2x — 1277) + 4 result

in the same sine curve.

6. The period of f(x) = 2cos (g) + 1is 471. We can create a table of values for 0 < x < 47 at

certain points to help us sketch f(x):

x | f(x)
0 3
T 1
2| —1
3| 1
47| 3

After plotting these points and connecting them by a curve, we obtain the graph
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7. We rewrite all trigonometric functions in terms of sin x and cos x:

1 sin x
(esc?x)(tanx)  \sin?x/ \cosx/) | 1

2 cotx 2<C05x) 2 cos? x
sin x

8. (a) We observe that the equation is equivalent to

. sin x
2sinx =
CoS X

1 1
:>ZSinx—(sinx)COS :0:>sinx(2— ) =0.

COs x

It follows that either sinx = 0, or cos x = % Thus, the solutions are |0, %, 7T, 5;

(b) Notice that sin® x + cos?x = 1. The equation sin? x 4+ 2cos?x = 2 can be rewritten

as sin” x 4 cos? x + cos?> x = 2, which simplifies to cos?x = 1. It follows that either
T 37
2" 2 |

cosx = 1 or cosx = —1, and our solutions are

9. We will use the Pythagorean Identity sin® x + cos? x = 1 twice. This gives us that
1
sinx = v/1—cos?x = >

We select the positive root since sin x is positive because x is in quadrant 1. Secondly, since
sin
tany = \/5, Y

Identity

cosy = V3 = siny = V/3-cosy = sin’y = 3cos?y, so by the Pythagorean

1
sin®y 4+ cos’y =1 = 3cos’y +cos’y =1 = cosy = >

This means that siny = @ Again, we select the positive solutions since y is also in quad-
rant 1.

Finally, we see that cos(x +y) = cosxcosy —sinxsiny = — - - — = - B &0l

10. Using the fact that 1 + tan” x = sec? x and the fact that tan x is negative in quadrant 4,

1—|—tan2x:sec2x:>tan2x:seczx—l =3 = tanx = —\/5.
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11. We want to find an equation that describes the graph in the form f(x) = asin(bx —c) +d.
Note that the graph of the function decreases when x increases from 0, which means that a

is negative (if 2 was positive, the function would be increasing). Since the amplitude of the

1 1
graph is > we know thata = —5 Next, we note that the period of the function is 7, so
b = 2% = 2. Since the graph doesn’t have a phase shift, we obtain that c = 0. Lastly, the

midlineisy =1,s0d = 1.

1
Thus, the graph of the function is | f(x) = —5 sinx + 1| Notice that there may be other

1
possible solutions because sin x is a periodic function, such as — 5 sin (x 4+ 27) + 1.

12.  (a) sinx is defined for all real values of x, so the domain of f(x) is . Since the range

of sinx is [—1,1] (and the same for sin 2x), we obtain that the lowest value of f(x) is

—2+5 = 3, and the highest value is 2 + 5 = 7. Thus, the range of f(x)is|y € [3,7] |

(b) cosx is defined for all real values of x, so the domain of g(x) is . Since the

range of cos x is [—1, 1], we obtain that the lowest value of g(x) is =7 —2 = —9, and

the highest value is 7 — 2 = 5. Thus, the range of ¢(x) is|y € [—9,5]|.

(c) The domain of arcsin(2x) is the same as the range of sin(2x) because arcsin x is the
T : .
inverse of sin x restricted to the interval { X 51 Hence, the domain of h(x) is

xel-1,1

—

T T
d th is| | ——=, = ||
and the range is { > 2}

13. (a) Observe that

arcsin ﬁ -
AC 3
T
/C=—
m/C 3
7T 7T

B
(b) Since tan = %, we may let AB = 3, BC = 4 to find the ratio A—g By the Pythagorean

BC 4
Theorem, AABC is a 3-4-5 right triangle, so AC = 5 and arcsin (A_C> = arcsin < 3) ~
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14. Note that

AB
200 = 2
tan 20" = 5500 T x
tan50° = @

From this, it is clear that x - tan 50° = (2000 + x) - tan 20°, which is a linear equation in one

variable. We solve it to obtain

o oy o _2000-tan20°
x(tan50° — tan20°) = 2000 - tan20° = x = n50° —tan 200~ 879.4 ft

BC 5 5 5
15. (a) Sincesinp = aC — g/ Wesee that BC = EAC = .

15 AB
(b) Because tan8 = 3 to find the ratio AC we may let BC = 15 and AB = 8. Then
AB 8

_ 2 2 — /]2 2 _ 202
AC = VAB? 4+ BC? = V8 +15 = 17,50 = = | = |
(c) Note that cos(90° — ) = sin B. We have that

AC = /32452 =1+/34

Therefore, it follows that cos(90° — B) = Be 3 |3V :

AC 31 | 34
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